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Nonlinear Stochastic Differential Delay Equations 
G. ADOMIAN 
Center for Applied Mathematics, University of Georgia, 
A them, Georgia 30602 
AND 
R. RACH 
Hughes Aircraft Company, Electron Dynamics Division, 
Torrance, California 90.509 
The methods used by Adomian and his co-workers to solve linear and nonlinear 
stochastic differential equations will be demonstrated to be applicable to differential 
equations, deterministic or stochastic, involving delays (constant, time dependent, 
or random). 
I. INTRODUCTION 
The importance of delay equations is well known. Problems in elec- 
trodynamics, reactor kinetics, behavior of economic systems, weapons fire 
control from moving platforms, etc., all are modelled by differential delay 
equations where the delays may be constant, time dependent [ 11, stochastic 
[2, 31, or state dependent [4]. These equations may be linear or nonlinear, 
deterministic or stochastic [5]. We shall define various delay operators for 
the solution of such equations. Thus we define deterministic and random 
delay operators (respectively, D and 8) of the form 
and 
Dy(t) = f y(t - ti) 
i=l 
or Dy(t, o) = 2 y(t - ri, w) 
i-1 
8y(t) = 2 y(t - Ti(cu)). 
i=l 
Time-dependent delays are treated by letting r = s(t) or s(t, w). We can 
consider also a further extension to nonlinear differential delay operators 
D, y(t) = Ny(t - z) or even stochastic versions iF,, y(t) = Ny(t - t). The 
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methods to be employed are based on the first author’s general approx- 
imation procedures for nonlinear stochastic differential operator equations. 
II. DELAYOPERATORS 
Analogous to the operator decompositions Y’ = L + .H and ( 1.1 = 
NI. 1 + Xl. 1 used in the above references, we introduce delay operators 
defined by 9’ = D + P, wherein D, P are to be defined. 
1, Simple De& Operators 
Here, we assume delays are constants and the delay operator is a (deter 
ministic) nondifferential operator. Multiple delays can by involved as well. 
Thus 
Dy(t) = 2 y(t - ri). (1) 
i I 
For the special case n = 1, we then have DJ, =~(t - r). Extension of the 
concept to delay operations on stochastic processes causes no problems. If 
instead of JJ(~) we consider the operator acting on a stochastic process 
y(t, w), then 
DY(~, w) = 2 y(t - ri, co). 
i -: , 
(2) 
2. Random Delay Operators 
By the operator B we shall mean a simple random delay operator, i.e.. one 
involving random retardations 
Fy(r) = 2 y(t - Ti(0)). (3) 
;= L 
The special case n = 1 is 
KY(l) = y(t - 5(w)). (4) 
If the operand y is a stochastic process y(t, w), then 
Fy(t, w) = c y(t - 5j(W), w). 
i- I 
(5, 
Conceivably, different measure spaces could be involved in 2’ and y, but we 
do not pursue this possibility here. 
409’91!1 7 
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3. Time-Dependent Delays 
Here, the delay is time dependent and can be either deterministic or 
stochastic. Thus t can be r(t) or r(t, o). When n = 1, Dy(t) = y(t - t(t)) and 
8y(t) = y(t - r(t, 0)). 
4. Differential DelaJj Operators 
Consider the linear (deterministic) differential operator Li = 
CL=, a,(t) d”/dt” and define the linear differential delay operator D, by 
D, y(t) = 9 a,(t)(d’/dt’) y(t - si) = f’ Li y(t - ti). 
i=O ,YO 
(6) 
Similarly, let 
D,, y(t) = i a,/(‘, w)(d’/dt’) y(t - ri) = i 9i y(t - ti). (7) 
i=O i=O 
Random delays are dealt with by defining 
8” y(t) = t a,(t)(d’/dt’) y(t - ri(w)) 
i=O 
= 2 Li y(t - 5i(0)) 
i=O 
CT, y(t) = c 
,TO 
aj(t, w)(d’/dt’) y(t - ti(cu)) 
(8) 
= c *5Yi y(t - Si(W)). (9) 
i=O 
Of course, as before we can replace y(t) by y(t, w) in all of the differential 
delay operations, e.g., D, y(t, w) = C;=. Li y(t - ri, o). 
III. NONLINEAR DIFFERENTIAL DELAY OPERATORS 
The deterministic nonlinear operations Ni( ) and stochastic nonlinear 
operations ,&( )’ are used to define deterministic and stochastic nonlinear 
differential delay operations 
D, y(t) = 9 Ni y(t - zi), (10) 
i-l 
D,y(t) = t ,JyY(t-ri)v 
i=l 
(11) 
’ See [ 5 ] for analogous operator decomposition JV[ ‘1 = N[. ] + X[. 1. 
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where N, and ,4 are (either simple or differential) nonlinear operators. The 
only difference is that Ni involves deterministic coefficients ai while 4 
involves stochastic coefficients czi(f, 0). An example of a nonlinear 
differential delay operator is D, = JI(~ - t)(d/dt) J([ - 5). If the delays are 
random as well, we have 
iqN y(r) = t Ni y(t - Ti(W)), 
i : I 
n 
qxy(t) = r Afyy(t - ri(w)). (13) 
i _ 1 
Again, .v(t) can be replaced by the process .v(t, w). 
IV. SOLUTIONOFDELAYOPERATOREQUATIONS 
The appropriate delay operations can now be added to the operation I+-), 
in the equation .17?, = x considered by Adomian and his co-workers. Let us 
consider some examples to illuminate our methods. 
EXAMPLE 1. The equation 
(d2/dt2) y(t) + (d/dt) y(t - r) + k2y(z) = x(r). (14) 
clearly describes the well-known harmonic oscillator problem but with the 
added feature of a delayed damping term. The delay r is not restricted to a 
constant, but is a function of t. To be specific, consider r = r/2. Further, for 
simplicity of expressions, only choose k* = 1 and x(t) = 0. For initial 
conditions, we choose y(O) = 1 and y’(O) = 0. (We shall include remarks 
concerning the effects of changes later.) Thus, our specific equation is 
(d2/dt2) y(t) + (d/fit) y(r/2) + y(t) = 0. (15) 
Let L =d’/df2 in (14) or (15), .8 = k* (or actually 1 in Eq. (15)). We 
represent (d/dt) y(t - t) in (14) by D for simplicity-actually a single term of 
D, from (6). Since r = t/2, this becomes (d/dt)y(t/2) in Eq. (15). In general 
then, (14) becomes 9’~) + Dy = x or 
Ly+D.y+.9y=.w (16) 
OT 
Ly=x-Dy--.8-v. (171 
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assuming the existence of a Green’s function for L. We can write 
y=L-‘x.-L-’ Dy-L-‘9~. (18) 
To get the complete solution, initial conditions must be incorporated. In this 
particular case, this simply means adding y(0). For general second-order 
equations, it is necessary to add y(0) + ty’(0). The methods employed here 
have been discussed by the first author [5]. For the simple problem of (14) 
or (15), it is sufficient to assume a decomposition of y into components 
Y,+Y,+Y2+ ... and let y, = y(0) + [y’(O) + L-*x, or since y’(0) = 0 and 
x = 0, y, = y(0) = 1 for our problem. Now we have 
y=y,-LL’Dy-Lp’.Wy 
=y,-L~‘D(y,,+y,+~~~)-L~‘,9(y,,+y,+~~~). (19) 
We identify 
y,=-L-‘Dye-L-‘.G%Ty,,, y2=-Lp’Dy,-L-‘l.%?y,, 
y3=-L-1Dyz-L-‘S’y2, . . . . (20) 
Letting .1 be 1 as in our specific case and using our y, = 1, 
y,=-Lp’D(l)-L-‘(l)=- [d+rD(l)-(dt I’&(l) 
2 
=- fdtj-dt(O)- Idtj’dt(l)=c-t2/2=-t2/2. 
i 
The constant vanishes because y(t)jlzO = y(0) = 1. Further, 
y, = - dt . dt D(--t2/2) - ,f dt [ dt(-t2/2). 
J I (21) 
Since Dy(t) = (d/dt) y(f/2), D(-t2/2) = (d/dt)(-t’/8) = -f/4, then 
y, = - dt . dt(-r/4) - .I’ dt J’ dt(-t2/2) = -(t3/24) - (t4/24). 
1 “! 
The procedure is clear; all terms are calculable in terms of preceding terms. 
EXAMPLE 2. Consider the linear differential delay equation 
Ly+GJy=x. 
We write Ly = x - gy and assume existence of L-I; then 
y=L-‘x-L-~~y=L-‘x-L--ca(yo+y, + ... ). 
(22) 
(23) 
DIFFERENTIAL DELAY EQUATIONS 99 
Thus, 
y”=L-‘x 
?‘, = -L - ‘9y” 
yz=-L-“r‘y, (24) 
?‘n=-L-‘lJyn~l=(-l)“(L~‘/i’)‘fL ‘s. 
The usual decomposition series of the first author, y(t) = xi: (,4’;(t). is the 
solution, while y(t - r) = Cy O yi(t - r) is the delayed form of the same 
series. 
Remark. If L is an nth order differential operator, and .H is an m th 
order differential operator, Adomian has pointed out previously that II > m. 
Similar order relations apply to. I ‘, D,, etc., which we can write IL 1 > 1 H I. 
[L 1 > 1. I .I, 1 L 1 > ID,,], etc., where (. 1 indicates the order of the differential 
operator. 
Remark. Assume y(t) = X7?” y;(t) and y(t - 5) = 7‘: ,, yi(t -- r). 
Equation (23) becomes 
CC 
y(t) = L -‘x(t) - L ~’ 
L 
\‘ yi(t - r) . 
Z, I 
Thus, 
y&) = L ‘x(t), y,(t) = -L ‘~,~(f - r).... 
or 
y,(t) = -L ‘y,! ,(t - 5). 
Writing y,(t) in terms of yO yields 
y,(t) = (-1)” (L-l)” L ‘x(t - nr). 
Finally. 
y(t) = c (-1)” (L-l)” L ‘x(t - nr). 
II 0 
(25) 
(26) 
(27) 
(28) 
Notice that in the limiting case of zero delay, we get the solution of 
Adomian as we expect. This corresponds to solution of the equation 
Ly+y=x (29) 
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instead of (22). If we write L, = L + 1 and 
L,y = x(t), 
then 
(30) 
y(r) = L,‘x(t) = ~ F (-1)” (L-1)” L-lx(t). (31) 
i=O 
Thus ifL,=L+ 1, 
L,‘: 2 (-1)” (L--l)“+’ =L-’ - (L-l)* + (L-y3 - . . . . (32) 
i=O 
The equation iRy = x or (L + 9) y = x yields the analogous series 
y-’ = -? (-l)“(L-‘,qy,-’ = 
iZ0 
L-‘-(L-‘,~)L-‘+(L-‘~)*L I-... 
= [l- (L-‘A?) + (L-‘9)*- a.1 ] L-1. 
Equation (32) is the same result when 9 = 1. 
Remark. Since gy(t) = JJ(~ - z), then @- ‘@y(t) =v(t), i.e., .Q -I is the 
operator that advances instead of delays. 
Remark. Let D, be a differential delay operator and consider 
LY + D, Y = x(l), 
the order of L being greater than the order of D,. We have 
Ly=x-D, y, 
y=L-'x-L-' D,y=L-‘x-L-‘DL(yo+yl++. 
Thus, 
yo=L-‘x, 
y, = -L-ID, Y,, 
y,, = (-1)” (L- ‘D,)” L -‘x(t). 
Consequently, 
y = (-1)” (L-‘D,)” L-lx(t). 
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Clearly, the methods evolved for solution of linear and nonlinear stochastic 
differential equations (deterministic being a special case) can be extended to 
equations involving delays as well, where the delays may be constant. time 
dependent. or random. 
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